We introduce the continued logarithm representation of real numbers and prove results on the occurrence and frequency of digits with respect to this representation. .
Introduction
The continued fraction representation of real numbers is intensively studied in number theory, see [4] and references there in. In this paper we consider the continued logarithm representation of real numbers, which we now introduce. Obviously for an infinite sequence (
As expected we have obtain the following theorem on the continued logarithm representation. 
But the set of these sequences is countable.
As far as we know no results on the continued logarithm representation were published. In the following we will find results on the occurrence of digits, sets with restricted digits and the frequency of digits with respect to this this representation.
Occurrence of digits
As in the case of the usual power-series representation of real numbers to base b ≥ 2 the following result on the occurrence of digits holds in the continued logarithm representation. 
where C > 0 is a constant independent of n ∈ N. Let R l (D) be the set of all real numbers in [0, 1] where the first l digits in the continued logarithm representation come from D and the other digits come a proper subsetD ⊂ D. We have
for all n > l. Hence we obtain 
The Lebesgue measure of this set is zero since the countable union of sets with Lebesgue measure zero has Lebesgue measure zero as well. Taking the complement gives the result. 
the Hausdorff dimension of the unique compact set K with
By theorem 9.9 of [2] we immediately get the upper bound in this theorem and the lower bound follows from theorem 3.15 of [6] , which is in fact more general. We now obtain:
for all n ≥ 1, where L n and U n are given by
Proof. The set [D N ] m is the attractor of the iterated function system
for all n ≥ 1, see [5] or chapter nine of [2] . Note that the iterated function system is conformal and fulfils the open set condition since the images of the maps may intersect only in the boundary, see [6] . Furthermore note that
, which means the the contraction rates of the maps that generate the iterated function system are bounded from above and below. Our result thus follows from theorem 2.2.
We use Mathematica to solve the equations in the last proposition for m = 4 and obtain
Compare this with the classical result of Hausdorff [3] that the dimension of the set of real numbers with one delted digit in the powers series representation to base 3 is log(2)/ log(3) = 0.630 . . . , no matter which digit is deleted.
Frequency of digits
provided that the limit exist. We consider sets with of real numbers with given frequencies of the continued logarithm representation to base m. For a probability vector
We first prove an upper bound on the Hausdorff dimenison of theses sets
Proof. We will prove the dimension estimate for T m−1 (F m (p 1 , . . . , p m−1 )). The result follows since T 
In the last equation we use the frequency of digits in [(d k )] m . Now consider a Borel probability measure on [0, 1] with
We obviously have
and hence lim sup
tute a nested sequence of partitions with
Thus we obtain lim inf
). This means that the lower local dimension of the measure µ is bounded by U m and by theorem 7.2 of [7] we obtain
From the last proposition we obtain a theorem which is striking compared with Borel's [1] classical result that almost all real numbers are normal with respect to usual powers series representations. In the case m = 3 we have dim H F 3 (p, 1 − p) ≤ −p log(p) − (1 − p) log(1 − p) p log(log(2) + log(3)) + (1 − p) log(log(2) + 2 log(3))
